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This paper presents a numerical method, known as hybrid lattice particle modeling (HLPM), for the study
of mode-I crack formation and propagation in two-dimensional geometry subject to a ﬁxed-grip condi-
tion. The HLPM combines the strength of two numerical techniques, particle model (PM) and lattice
model (LM), for the purpose of solving dynamic fragmentation of solids within a various Poisson’s ratio
range. A Lennard-Jones-type potential is employed to describe the nonlinear dynamic interaction of each
macroscopic-size particle with its nearest-neighbors. Crack initiation and propagation is investigated for
materials with different Young’s modulus, tensile strength and varying ductility. It is demonstrated that
crack patterns and propagation closely match the anticipated physical behavior of inelastic materials.
Finally, the HLPM is applied to the investigation of a functionally designed composite material of an elas-
tic–brittle infrastructure material coated with a ductile layer for the protection of fracture propagation.
The ultimate application is aimed at the retroﬁtting of failing infrastructure.
 2009 Elsevier Ltd. All rights reserved.1. Introduction
Dynamic fracture is a complex and multi-scale physical phe-
nomenon. From the microscopic point of view, fracturing is a pro-
cess that material becomes separated due to the successive
breakage of atomic bonds. Since the intrinsic strength properties
at atomic structure level are available, molecular dynamics (MD)
analysis has been the primary tool at the nano scale. Moreover, a
discrete microscopic description in MD also allows deﬁning local
temperatures, potential energies, stress distributions and other
quantities. These parameters present a precise physical meaning
and are the key to understanding fracture. Thus, MD can provide
a more fundamental insight into material behavior and its interac-
tions. However, although MD simulation has beneﬁtted from the
rapid development of computing power and is becoming increas-
ingly popular, the present state of computer technology is still
far from being able to meet the demands of the macroscopic tasks.
For example, we currently still cannot simulate a 1 1 1 cm3 cu-
bic copper body at atomic level because the body consists of 1024
copper atoms, a number so large that no computer in the world
can handle it. The second difﬁculty is its incapability in reaching
the practical time scales. For instance, the laboratory dynamic frac-
ture experiments generally last in microseconds (1 ms = 106 s),
while the MD model time steps are typically in the nano (109)ll rights reserved.
: +1 662 915 5523.or pico (1012) second range. As such, the MD is limited to a narrow
range of solving nano- to micrometer scale problems. For this rea-
son, a numerical tool for the modeling of dynamic fracture at mac-
roscopic level is needed.
To successfully solve the dynamic fracture of materials at mac-
roscopic level, it is critical if the model can deal with the uncertain
evaluation of material body – large deformation or even fragmen-
tation at a very high rate. In the other word, a successful dynamic
fracture solver lies in an efﬁcient solution of ‘‘re-meshing” in com-
putation. The current numerical approaches for dynamic fracture
simulation at macroscopic level can be generally classiﬁed into
two categories – a continuum mechanics based approach (CMBA
for short) and a discrete element based approach (DEBA for short).
In brief, the CMBA is built up regarding the material body as one
continuum media. Numerically, such models, e.g., ﬁnite element
method (FEM), use space-averaging to set up constitutive equa-
tions within each element. In contrast, the DEBA shares a common
concept of ‘‘discrete material”, and the constitutive equations are
assigned to deﬁne the interaction among the discrete neighbors.
Examining the state-of-the-art of the research, we conclude that
FEM, the most widely used CMBA, has difﬁculty in solving dynamic
fracture problems, particularly in simulating collapse/fragmenta-
tion of materials under extreme loadings. Although FEM has con-
stantly been developed to meet such requirements and several
re-meshing techniques, i.e., Lagrange, Euler and Arbitrary Lagrange
Euler, have been well established, fragmentation of materials is
still unable to be well simulated. In contrast, the discrete element
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Fig. 1 illustrates a material impact simulation by using FEM
accounting for different re-meshing skills and by a meshless mod-
el, smoothed particle hydrodynamics (SPH) (Quan et al., 2003). It is
clearly shown that the DEBA is superior to the CMBA in solving the
fragmentation of materials; hence, it attracts increasing interests.
Particle modeling (PM) is the one among a number of the
branches of DEBAs (Cundall, 1988; Meguro and Tagel-Din, 2000;
Oñate et al., 2004; Monaghan, 2005). The PM was originally pro-
posed by Greenspan (1997). In essence, PM, treating each compu-
tation cell as a particle with the mass lumped to its center, can be
regarded as an upscale MD, but applied to large length scale and
time scale problems. However, Greenspan (1997) developed such
model with in mind more ﬂuid modeling than solid modeling. As
a consequence, there was no direct linkage to the solid material
properties, making PM an empirical model without demonstrated
validation with real engineering problems.
Lattice model (LM), on the other hand, has a long history of suc-
cess in modeling micromechanics solid problems (Askar, 1985;
Noor, 1988; Ostoja-Starzewski, 2002, 2007; Bolander and Suku-
mar, 2005; Berton and Bolander, 2006). The LM, however, does
not have the ﬂexibility of particle models, in which the particles
can be subjected to very large deformation (displacement) and
even fragmentation. Such limitation of LM comes from a fact of
that it adopts a conjugate gradient method with respect to mini-
mizing the total potential energy stored in all spring bonds to
determine the displacement. Consequently, only one bond is al-
lowed to fracture during each computational cycle (Alkhateb
et al., 2009). Hence, the LM has so far been restricted to small mo-
tions. It is basically a static/quasi-static model, and does not model
the dynamic fracture process. In Table 1, the strengths and weak-Table 1
Comparison of the lattice model (LM), the particle model (PM), and the hybrid lattice par
Lattice model (LM) Particle model (PM)
Particle interaction Spring (axial/angular), beam, etc. Lennard-Jones poten
Interaction
neighborhood
Not limited to nearest neighbor Nearest neighbor on
Mesh system Small deformation Large deformation
Poisson’s ratio Flexible Fixed
Time process Static Dynamic based on N
Force–displacement
relation
Displacement (strain) interpreted from
force (stress)
Force interpreted fr
between particles)
Fig. 1. A material impact simulation by using FEM accounting for different re-meshing
hydrodynamics (SPH) (Quan et al., 2003).nesses of the traditional LM and PM are summarized and
compared.
To extend the capability of both LM and PM, and to allow the
modeling of dynamic fracture and fragmentation of materials
caused by impact, blasting and other extreme loadings, a hybrid
lattice particle model (HLPM) has been developed based on Wang
and Ostoja-Starzewski’s PM (2005). As demonstrated in Table 1,
the HLPM has been proposed that combines the strengths of LM
and PM (Wang et al., 2009), in which the interaction potential
can be described by employing either linear (quadratic) or nonlin-
ear (Lennard-Jones or polynomial) type to the axial/angular link-
age. The deﬁned spring constants are then mapped into lattice
system, which are in turn matched with the material’s contin-
uum-level elastic moduli and strength. The HLPM can readily sim-
ulate dynamic behaviors of materials at macro-scales with a
varying Poisson’s ratio range (Wang et al., 2009). The principle of
HLPM can be described as follows: the particle–particle interaction
is derived from lattice modeling (LM) theory whereas the compu-
tational scheme follows particle modeling (PM) technique. Once
the translational strength is exceeded, the spring is broken and a
fracture is created.
The advantages of HLPM over the existing discrete element
based methods can be summarized as follows:
(1) Easy for the determination of input parameters. Four conser-
vative/equivalent rules (mass, potential energy, Young’s
modulus and tensile/compression strength) are required to
determine the material properties for the input datasheet.
(2) Easy for implementation. Since the physical size of each par-
ticle is ignored other than its equivalent mass, the algorithm
of coding a HLPM computation is fairly easy.ticle model (HLPM).
Hybrid lattice particle model (HLPM)
tial (axial only) Spring (axial/angular) mimicking the Lennard-
Jones potential
ly Not limited to nearest neighbor
Large deformation
Flexible
ewton’s second law Dynamic based on Newton’s second law
om displacement (distance Force interpreted from displacement (distance
between particles)
skills, Lagrange, Euler and Arbitrary Lagrange Euler (ALE), and smoothed particle
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the fracture pattern of an epoxy plate with randomly distributed
holes in tension, shown in Fig. 2(a) and (b) (Ostoja-Starzewski
and Wang, 2006). Here is pointed out that, in the simulation, the
Poisson’s ratio of epoxy was set to 1/3. This is a special case of
HLPM in which all the angular interactions are absent (Wang
et al., 2009). As the ﬁgure illustrates, compared with the experi-
mental observation, HLPM prediction of crack pattern seems more
accurate than that of the FEM solution. Moreover, two successful
qualitative comparisons currently have been completed with the
dynamic failure experiments of polymeric material (nylon-6,6
and vinyl ester) indentation, shown in Fig. 3(a) and (b) (Wang
et al., 2008a) and Fig. 4(a) and (b) (Wang, 2009), respectively.
After gaining the conﬁdence of HLPM from the above-men-
tioned fracture study cases, in this paper, we step forward to inves-Fig. 2. Experimental and modeling results of epoxy in tension: (a) experiment (Al-
Ostaz and Jasiuk, 1997) and (b) HLPM simulation (Ostoja-Starzewski and Wang,
2006).tigate the modeling capability of the HLPM on the initiation and
propagation of mode-I fracture in inelastic materials with different
ductility employing a ﬁxed-grip condition. As the mechanism for
fracture formation and propagation in the lattice and the particle
model is very different from that of the continuum mechanics
based fracture mechanics model, it is not clear that the physical
phenomenon of stable and unstable fracture growth can be cor-
rectly predicted. In short, the continuum model uses the stress
intensity factor and energy release rate concepts for fracture crea-
tion and propagation; while the discrete HLPM uses the tensile/
compression strength between bonds and the ﬁrst principle based
dynamic interaction among the particles. To have conﬁdence in
these models for simulating dynamic fracture problems, both
numerical models need to be tested and validated.
In what follows, we ﬁrst brieﬂy introduce the HLPM algorithm.
It is then applied to several two-dimensional dynamic fracture
problems. Particularly, the stable and unstable fracture growth cor-
responding to the inelastic materials with varying ductility can be
faithfully reproduced, using only the physically interpreted Len-
nard-Jones-type potential constants. Then, the HLPM is applied to
the investigation of a functionally designed composite material of
an elastic–brittle infrastructure material coated with a ductile
layer for the protection of fracture propagation. The ultimate appli-
cation is aimed at the retroﬁtting of failing infrastructure.
2. Model description
The hybrid lattice particlemodel (HLPM) – also called lattice par-
ticle simulation,discretemodeling, orquasi-molecularmodeling– is
a dynamic simulation model that typically uses a relatively small
number of particles of macroscopic sizes, representing solid and/or
ﬂuid mass. The particles’ location and velocity evolves according to
the laws of Newtonian mechanics. The axial force interaction be-
tween particles is modeled after Wang and Ostoja-Starzewski
(2005) (reason: conventional LM only works for linear consider-
ations), which is matched up with the Young’s modulus and tensile
strength of the material as well as energy and mass. The angular
force interaction between the adjacent sides of each particle is after
Wang et al. (2009). In principle, the distance of particle spacing can
decrease to a few angstroms; in that case we recover a molecular
dynamics like model. Hence the HLPM is fairly ﬂexible in modeling
physical phenomena of all sizes, limited only by the number of par-
ticles needed in the modeling (computational power).
The theoretical derivation of non-thermal-based HLPM can be
brieﬂy reviewed as follows.
In HLPM, the nonlinear axial interaction force between neigh-
boring (quasi-) particles, F, can alternatively take the same form
as in MD:
F ¼  G
rp
þ H
rq
ð1Þ
Here G, H, p and q are positive constants, and q > pP 1 to obtain
the repulsive effect that is necessarily (much) stronger than the
attractive one, r being the distance between two particles.
Ashby and Jones (1980) presented a simple method to evaluate
continuum-type Young’s modulus E and tensile stress rðrÞ of the
material from FðrÞ, namely
E ¼ S0
r0
ð2Þ
and
rðrÞ ¼ NFðrÞ ð3Þ
where S0 ¼ ðdF=drÞr¼r0 , and r0 is the equilibrium spacing between
contiguous particles. N is the number of bonds/unit area, equal to
1=r20. Tensile strength, rTS, results when dFðrdÞ=dr ¼ 0, that yields,
Fig. 3. The study of the failure of nylon-6,6 due to the impact of a rigid indenter (a) experimental results; (b) HLPM results. Maximum drop velocity of indenter is 1.87 m/s
(Wang et al., 2008b).
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Note that Eq. (2) has been demonstrated to be completely con-
sistent with LM derivation (Wang et al., 2009).
Just as in MD, the nonlinear dynamical equation of motion for
each particle Pi of the PM system is given by
mi
d2~ri
dt2
¼
XK
j¼1
Gi
rpij
þ Hi
rqij
 !
~rji
rij
" #
; i– j ð5Þ
where mi and~rji are mass of Pi and the vector from Pj to Pi;K is the
total number of ambient particles interacting with particle i. In the
present study, only the nearest neighboring particles are considered
which is addressed by Wang and Ostoja-Starzewski (2005).
The derivation of four parameters in Eq. (1) from MD structures
is conducted on a cubic body with volume Vð¼ A B CÞ (Wang
and Ostoja-Starzewski, 2005). A face-centered cubic (fcc) lattice
for both atomic and quasi-particle structures is chosen. If
p; q and r0 are given, then, by conditions of mass and energy con-
servation, G and H can be derived. Consequently, Young’s modulus
is evaluated by Eq. (2) and tensile strength by Eq. (4). To represent
an expected material property, we would have to do many sets of
testing until a unique ðp; qÞ is found to match both Young’s modu-
lus and tensile strength of the material. The complete derivation
process is described below.First, for the atomic structure (MD model), we have:
Interaction potential energy (ergs):
/a ¼
Gar1pa
1 pa
þ Har
1qa
1 qa
 
 108 ð6Þ
Young’s modulus (GPa) is obtained from Eq. (2) and tensile strength
(MPa) from Eq. (4).
Total number of atoms in A B C cubic material body:
N ¼ A 10
8
ra
þ 1
 !
 B 10
8
ra sin 60
0 þ 1
 !
 C  10
8
ra
ﬃﬃﬃ
6
p
=3
þ 1
 !
ð7Þ
In Eqs. (6) and (7), ra is equilibrium position of the simulated mate-
rial in atomic structure, and pa; qa are the exponential parameters in
atomic structure. Note that, for a Lennard-Jones interaction case,
pa ¼ 7 and qa ¼ 13.
Next, for the quasi-particle structure (PM model), we have
interaction force (dynes) as in Eq. (1).
Interaction potential energy (ergs):
/ ¼ G
1p
r
1 pþ
H1qr
1 q ; for p > 1; / ¼ G ln r þ
H1qr
1 q ; for p ¼ 1 ð8Þ
Total number of quasi-particles in PM system:
N ¼ imax  jmax  kmax ð9Þ
Fig. 4. Comparison of HLPM result with the according experimental observation of the failure of vinyl ester due to the impact of a rigid indenter: (a) experimental observation
and (b) HLPM simulation. Maximum drop velocity of indenter is 1.91 m/s.
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mass conservation, we calculate the mass of each quasi-particle m
based on atomic mass ma:
m ¼ N ma=N ð10Þ
From the energy conservation, we have:
ðN  /Þr¼r0 ¼ ðN
  /aÞr¼ra ð11Þ
Under the requirement:
Fðr0Þ ¼ 0 ð12Þ
From Eqs. (11) and (12), we now derive Young’s modulus E:
For p ¼ 1:G ¼ Hr1qo ; H ¼
ðN  /aÞr¼rað1 qÞ
Nð1 qÞr1q0 ln r0  r1q0
;
E ¼ Gr30 þ qHrq20
ð13Þfor p > 1:G ¼ Hr1qo ; H ¼
ðN  /aÞr¼ra ð1 pÞð1 qÞ
Nðp qÞ r
q1
0 ;
E ¼ pGrp20 þ qHrq20
ð14Þ
Similarly, tensile strength can be obtained under dFðrdÞ=dr ¼ 0.
Evidently, the four parameters ðp; qÞ; r0 and V affect E and rTS.
We have established the equations for G, H, p and q, and carried
out a parametric study to ﬁnd the differing effects on p, q, V and r0
Fig. 5. Schematic of computational domain setup for a 2D plate with an initial
crack. Particle spacing r0 ¼ 0:2 cm.
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obtained rules as follows:
(i) The larger the values of ðp; qÞ are adopted, the larger is E gen-
erated. This is typically associated with the material becom-
ing more brittle than ductile, albeit there is a range of
toughness to choose from. Also, with E going up, there is a
fragmentation into a larger number of pieces.
(ii) In the case of p ¼ 1, the larger r0 spacing is adopted, the
higher is Young’s modulus of the PM material. On the con-
trary, in the special case of p – 1, there is an opposite trend.
In any case, this increase or decrease does not change very
much.
(iii) In the case of p – 1, while keeping the volume ﬁxed, an
increase of r0 produces a decrease of Young’s modulus. The
situation is again opposite in the case of p ¼ 1.
(iv) A uniform augmentation of volume V by dilation in all three
coordinate directions (xyz), at any ðp; qÞ combination, results
in Young’s modulus increasing ﬁrst strongly and then level-
ing off.
For elastic–brittle materials, a general format of linear dynami-
cal equation is often employed for axial springs (Wang et al.,
2008a),
F ¼ S0ðr  r0Þ for rc 6 r 6 rt
0 otherwise

ð15Þ
with r being the distance between two particles, the axial stiffness
S0 ¼ E  r0 by Eq. (2), E the Young modulus and r0 the equilibrium
spacing between the contiguous particles.
In Eq. (15), rc and rt are the fracture positions applied for com-
pression and tension, respectively, which in practice need to be
empirically determined.
An analogous angular spring interaction scheme to Eq. (15)
yields,
Fb ¼
Suðuu0Þ for uc 6 u 6 ut
0 otherwise

ð16Þ
with u0 the equilibrium angle between adjacent particles, and ce:i-
talic>/ce:italic> the angular displacement. uc and ut in Eq. (16) are
the angular fracture coefﬁcients applied for compression and ten-
sion, respectively, which are also needed to be determined by
empirical tests.
The angular stiffness Su in Eq. (16) is after Wang et al. (2009),
Su ¼
ﬃﬃﬃ
3
p
ð1 3mÞEr20
18ð1 m2Þ ð17Þ
with m the Poisson’s ratio.
The leapfrog method, with second-order accuracy, is employed
in the HLPM simulations. The leapfrog formulas relating position,
velocity and acceleration for particles Pi ði ¼ 1;2; . . . ;NÞ (Green-
span, 1997) are
~Vi;1=2 ¼ ~Vi;0 þ ðDtÞ2 ~ai;0 ðstarter formulaÞ ð18Þ
~Vi;kþ1=2 ¼ ~Vi;k1=2 þ ðDtÞ~ai;k; k ¼ 1;2;3; . . . ð19Þ
~ri;kþ1 ¼~ri;k þ ðDtÞ~Vi;kþ1=2; k ¼ 0;1;2; . . . ð20Þ
where ~Vi;k; ~ai;k and~ri;k are the velocity, acceleration and position
vectors of particle i at time tk ¼ kDt, Dt is the time step. ~Vi;kþ1=2
stands for the velocity of particle i at time tk ¼ ðkþ 1=2ÞDt, and so
on. Notably, the leapfrog method is of second-order accuracy:
OððDtÞ2Þ.
The safe time step is after the derivation result by Hockney and
Eastwood (1999):XDt  2; X ¼ 1
m
dF
dr


max
 1=2
ð21Þ
To readily describe the breakage effect on material, we deﬁne a
concept of fracture density (Wang et al., 2008b). By this deﬁnition,
the local fracture density of particle i; fiden: , is equal to the ratio of its
current number of broken bonds, Nbi to its original number of
bonds, Noi , i.e.,
fiden: ¼
Nbi
Noi
ð22Þ
It is clearly seen that a big fiden: value indicates a severe failure
locally occurring at i.
Note that different failure criterion for inelastic and elastic
materials shown in Eqs. (1) and (15) are employed as a cut-off
for the axial interaction force. For instance, necking position,
dFðrdÞ=dr ¼ 0, is adopted for inelastic material expressed in Eq.
(1); for elastic–brittle material expressed in Eq. (15), using tensile
stress, rTS, from Hooke’s law, we determine the failure strain emax
rmax  r0
r0
¼ emax ¼ rTSE ð23Þ
and the displacement threshold for fracture to occur, rmax.
Angular failure criterion follows the analogous scheme to Eq.
(22) whereas shear strength is accounted for.
3. Results
In this section we ﬁrst report a preliminary HLPM study of crack
formation and propagation in a 2D, end-notched plate, subjected to
a constant uniaxial tensile loading. The computational domain is a
2D 3:46 cm 64 cm plate with an initial particle spacing
r0 ¼ 0:2 cm, and a crack of length l0 ¼ 0:8 cm at the very left end;
see Fig. 5. A ﬁxed-grip condition with a constant vertical stretching
rate V ¼ 40:0 cm=s is applied to the two ends in the Y direction. We
assign ðp; qÞ ¼ ð3;5Þ; ð5;10Þ and ð7;14Þ in Eq. (1) for three different
inelastic materials. Table 2 illustrates the physical outcomes by
using these three ðp; qÞ values under equilibrium lattice spacing
r0 ¼ 0:2 cm. Fig. 6 displays the according interaction force proﬁle
vs. the three above-employed ðp; qÞ values. For simplicity, we as-
sume the Poisson’s ratios of the three materials are all equal to
1/3. Consequently, the angular spring effect is absent (Wang
et al., 2009).
Table 2 illustrates that with the increase of ðp; qÞ, the Young’s
modulus and tensile strength values of the resultant material also
increase. So does the necking position of the interaction force pro-
Table 2
Physical outcomes with ðp; qÞ ¼ ð3;5Þ; ð5;10Þ and ð7;14Þ under equilibrium lattice
spacing r0 ¼ 0:2 cm.
ðp; qÞ (3,5) (5,10) (7,14)
G 2:473 107 1:781 106 1:102 105
H 9:892 105 5:698 102 1.411
E (GPa) 15.457 69.557 150.706
rTS ðMN=m2Þ 86.205 263.570 441.534
Necking position 1:29  r0 1:15  r0 1:11  r0
Fig. 6. Interaction force of HLPM under r0 ¼ 0:2 cm, with
ðp; qÞ ¼ ð3;5Þ; ð5;10Þ and ð7;14Þ.
Fig. 7. Time-dependent fracture propagation of 2D plate with an initial crack, for
ductile, ðp; qÞ ¼ ð5;10Þ. Stretching rate = 40 cm/s. (a) t ¼ 7:08 ms, (b) t ¼ 7:14 ms,
and (c) ﬁnal crack pattern.
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material with big ðp; qÞ behave in low ductility and vice versa.
Among these three materials indicated by the associated ðp; qÞ, if
we label ðp; qÞ ¼ ð3;5Þ as a ductile one (with high ductility), then
ðp; qÞ ¼ ð5;10Þ and ð7;14Þ are in order labeled comparatively more
brittle ones (with low ductility).
Fig. 7 shows the different stages of the crack propagation, from
the initial crack formation, to the propagation, and to the ﬁnal
crack pattern, for the material, ðp; qÞ ¼ ð3;5Þ, with high ductility.
Figs. 8 and 9 show, respectively, the similar stages for
ðp; qÞ ¼ ð5;10Þ; ð7;14Þ, with comparatively low ductility.
Comparing Figs. 7–9, we observe:
(i) Crack develops sooner and propagates faster in material
with low ductility (Fig. 8) than in material with high ductil-
ity (Fig. 7).
(ii) For low-ductility material, crack propagation tends to behave
in an unstable manner by taking a zigzag path with varying
speed (Figs. 8 and9(c)). For high-ductilitymaterial,we observe
a largely steady state growth with a smooth path (Fig. 7(c)).
Fig. 10 shows a zoomed section of the plate during the propaga-
tion stage, for comparatively the most brittle case among the three
ones with ðp; qÞ ¼ ð7;14Þ. It is observed that there are micro-cracks
forming in a region ahead of the main crack (marked by circle and
ellipses), attracting the main crack toward it, thus creating a zigzag
path. This phenomenon was indeed observed in brittle-like materi-
als, and not in ductile-like materials (Abraham, 1997). Fracture of
this type is called a brittle fracture. We observe that the HLPM can
truthfully capture this delicate phenomenon by simply prescribing
a Lennard-Jones-typepotential that corresponds to brittlematerials.
Hence the HLPM can serve an important function of correctly mod-
eling the time dependent ductile and brittle crack propagation.Next, we apply the HLPM to the investigation of some structure
retroﬁtting ideas. First, we investigate an elastic–brittle beam sub-
ject to a point load at mid-span, with the two ends supported with
permission of horizontal movement. The load is actually applied as
a downward displacement at the constant rate of 50 cm/s. The
two-dimensional beam is of the dimension 12.7 cm in length and
1.27 in thickness, with material properties corresponding to
Young’s modulus 3.0 GPa, and tensile strength 60 MPa. The dy-
namic interaction follows linear elastic formulas as described in
Eq. (15). In Fig. 10, we present the deformation of the beam at
t ¼ 5:6 ms. We observe that the failure happens in the form of a
zigzag fracture below the point load. The HLPM simulated crack
pattern seems to agree well with the similar simulation by Cusatis
and Cedolin (2006).
To investigate the retroﬁtting schemes, we protect the main
structure as shown in Fig. 11 by a high-ductility material either
on top, or at bottom of the beam, as shown in Fig. 12(a) and (b).
The high-ductility material is characterized by ðp; qÞ ¼ ð3;5Þ, which
corresponds to ðE;rTSÞ ¼ ð15:5 GPa;86:2 MPaÞ, and a necking posi-
tion equal to rd ¼ 1:29r0, see Fig. 5. The thickness of this ductile
material is 0.3 cm. Applying the same loading condition, we dem-
onstrate the result of simulation in Fig. 13(a) and (b).
Fig. 13(a) and (b) shows the result with the retroﬁtted layer on
the top and at the bottom, at t ¼ 5:6 ms. From Fig. 13(a), we
Fig. 8. Time-dependent fracture propagation of 2D plate with an initial crack, for
ductile, ðp; qÞ ¼ ð5;10Þ. Stretching rate = 40 cm/s. (a) t ¼ 3:66 ms, (b) t ¼ 3:72 ms,
and (c) ﬁnal crack pattern.
Fig. 9. Time-dependent fracture propagation of 2D plate with an initial crack, for
brittle material, ðp; qÞ ¼ ð7;14Þ. Stretching rate = 40 cm/s. (a) t ¼ 2:58 ms, (b)
t ¼ 2:64 ms, and (c) ﬁnal crack pattern.
G. Wang et al. / International Journal of Solids and Structures 46 (2009) 4054–4063 4061observe that the vertical crack propagates upward toward the ret-
roﬁtted layer, and is arrested without penetration. At the same
time, the material starts to delaminate with interfacial crack prop-
agating along the material interface; from Fig. 13(b), we observe an
extended damaged area, in the form of a wedge, underneath the
load, and also some delamination along the material interface.
Viewing the two retroﬁtted simulation results in Fig. 13(a) and
(b), we see that the infrastructure is fractured in each case under
the action of the point-load; however, the entire integral structure
is well sustained. Comparing the two retroﬁtting schemes, from
the resultant minimum deﬂection in the mid-top of the structure,
we conclude that putting the retroﬁtted material at the bottom
works better.4. Concluding remarks
In this paper, a hybrid lattice particle modeling (HLPM) method
is employed for a study of crack formation and propagation in
mode-I for a 2D end-notched plate subject to a ﬁxed grip condition
of a constant vertical uniaxial tensile loading. Different inelastic
material properties, in terms of Young’s modulus, tensile strength
and also with varying ductility, are accounted for with the plate.
From this study, the following beneﬁts are obtained.
In the model capability aspect, the advantages of HLPM over the
existing classical mechanics tools, such as ﬁnite element method
(FEM), can be outlined as follows:(1) No need for remeshing. Remishing is known as an over-
whelming challenge for FEM whereas HLPM does not at
all. In HLPM, fracture is created when a bond (spring) is bro-
ken by translational force. This provides HLPM a unique
power to be able to quite easily overcome a ‘‘discontinuity
of material” problem.
(2) No stress intensity required. In HLPM, a bond (spring) is bro-
ken and fracture is thus resulted wherever the critical failure
strain reaches.
(3) HLPM can capture more realistic crack propagation. In this
paper, we see that HLPM can capture micro-cracks appear-
ing away from the main-crack path while the fracture devel-
ops in brittle materials or metals, whereas the continuum
mechanics based models rarely report.
In the aspect of the problem explored itself, it is found that
crack patterns and propagation is under strong inﬂuence of mate-
rial constants. The obtained results can be outlined as follows:
(1) Crack develops sooner and propagates faster in low-ductility
(brittle-like) materials than in high-ductility (ductile-like)
materials.
(2) Crack propagation tends to behave in an unstable manner in
low-ductility materials while in a steady fashion in high-
ductility materials.
Following from the above-obtained results, we then apply the
HLPM to the investigation of some structure retroﬁtting ideas.
Fig. 10. Zooming of a HLPM simulated fracture during the propagation stage, at t ¼ 3:3 ms, for brittle material, ðp; qÞ ¼ ð7;14Þ.
Fig. 11. HLPM simulation of failure of an elastic–brittle beam subject to a constant
rate deformation at mid-span. Deformation rate = 50 cm/s. t ¼ 5:6 ms.
Fig. 12. An elastic–brittle plate coated with nonlinear ductile material: (a)
retroﬁtted layer on the top and (b) retroﬁtted layer at the bottom.
Fig. 13. HLPM simulated failure of an elastic–brittle plate coated with retroﬁtting
material on top and at bottom, and subjected to a constant rate deformation at mid-
span, (a) on top and (b) at bottom. Deformation rate = 50 cm/s. t ¼ 5:6 ms.
4062 G. Wang et al. / International Journal of Solids and Structures 46 (2009) 4054–4063We select putting a retroﬁtted material layer on the top and at the
bottom of the infrastructure to ﬁnd out a better protective effect.
We conclude that integral structure with retroﬁtted material at
the bottom produces a minimum deﬂection when subject to a
point-load in the mid-span. The signiﬁcance of this research may
help guide to fabricate a high-resistance retroﬁtting layered struc-
ture optimally comprised of different materials. This fabricated
enforcement structure is then coated to the infrastructure toeffectively improve the performance of the retroﬁtting of failing
infrastructure. In this paper, merely a preliminary simulation is at-
tempted to identify the validation of this idea. We will report the
detailed research progress of this topic in a separate paper.
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